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Slow dynamical changes in magnetic-field strength and invariance of the particles’ magnetic moments gener-
ate ubiquitous pressure anisotropies in weakly collisional, magnetized astrophysical plasmas. This renders them
unstable to fast, small-scale mirror and firehose instabilities, which are capable of exerting feedback on the
macroscale dynamics of the system. By way of a new asymptotic theory of the early nonlinear evolution of the
mirror instability in a plasma subject to slow shearing or compression, we show that the instability does not satu-
rate quasilinearly at a steady, low-amplitude level. Instead, the trapping of particles in small-scale mirrors leads
to nonlinear secular growth of magnetic perturbations, δB/B ∝ t2/3. Our theory explains recent collisionless
simulation results, provides a prediction of the mirror evolution in weakly collisional plasmas and establishes a
foundation for a theory of nonlinear mirror dynamics with trapping, valid up to δB/B = O(1).
PACS numbers: 52.25.Xz, 52.35.Py
Introduction. Dynamical, weakly collisional high-β plas-
mas develop pressure anisotropies with respect to the mag-
netic field as a result of the combination of slow changes in
magnetic-field strength B and conservation of the first adia-
batic invariant of particles µ = v2⊥/2B. This renders them un-
stable to fast (ion cyclotron timescale Ω−1i ), small-scale (ion
gyroscale ρi) firehose, mirror and ion cyclotron instabilities
[1–6], whose observational signatures have been reported in
the solar wind [7, 8] and planetary magnetosheaths [9–15].
These instabilities are also thought to be excited in energetic
astrophysical environments such as the intracluster medium
(ICM) [16–20], the vicinity of accreting black holes [21–23],
or the warm ionized interstellar medium [24, 25], producing
strong dynamical feedback at macroscales, with critical astro-
physical implications [26–31]. A self-consistent description
of the multiscale physics of such plasmas requires understand-
ing how these instabilities saturate nonlinearly.
Let us consider a typical situation in which slow changes
in B due to shearing, compression or expansion of the plasma
at large (“fluid”) scales build up ion pressure anisotropy ∆i ≡
(p⊥i − p‖i )/p⊥i , driving the plasma through either the ion fire-
hose instability boundary (∆i < −2/βi, with βi = 8πpi/B2) in
regions of decreasing field, or the mirror instability boundary
(∆i & 1/βi) in regions of increasing field. This triggers ex-
ponential growth on timescales up to Ω−1i , much faster than
the shearing timescale S −1. The separation between these
timescales implies that the instabilities always operate close
to threshold and regulate the levels of pressure anisotropy in
the plasma nonlinearly. However, how they achieve that in
the face of the slowly changing B constantly generating more
pressure anisotropy, remains an open question.
In the simplest case of the parallel firehose instability, the
growth of magnetic perturbations δB leads to an increase of
the average (r.m.s.) field strength and perpendicular pressure,
which drives the anisotropy back to marginality, ∆i(t) →
−2/βi. If a weakly unstable initial state ∆io − 2/βi < 0 is
postulated with no further driving of ∆i, quasilinear theory
[32] predicts saturation at a steady, low amplitude δB/B ∼
|∆io + 2/βi|1/2 ≪ 1. However, the shearing or expansion
process that drove the plasma through the instability bound-
ary in the first place, must ultimately become important again
once quasilinear relaxation has pushed the system sufficiently
close back to marginality. When such continued driving is
accounted for, asymptotic theory [33, 34] predicts secular
growth of perturbations as δB/B ∝ t1/2 up to δB/B = O(1)
(cf. [35]), a very different outcome from steady-state, low-
amplitude saturation.
The nonlinear dynamics of the mirror instability [36–39] in
a weakly collisional shearing (or compressing) plasma driven
through its instability boundary is much more involved and
has only recently been explored numerically [40, 41]. In this
Letter, we show that weakly nonlinear mirror modes in such
conditions do not saturate quasilinearly at a steady, low am-
plitude either, but continue to grow secularly as δB/B ∝ t2/3.
To do this, we introduce a new asymptotic theory in the spirit
of earlier theoretical work [33, 34, 42], in which the combined
effects of weak collisionality, large-scale shearing, quasilinear
relaxation [32, 43, 44], particle trapping [45–48] and finite ion
Larmor radius (FLR) are all self-consistently retained.
Asymptotic theory. We consider the simplest case of a
plasma consisting of cold electrons [54] and hot ions of mass
mi, charge qi = Ze, and thermal velocity vthi =
√
2 Ti/mi, cou-
pled to the electromagnetic fields E and B. The dynamics is
governed by the non-relativistic Vlasov-Maxwell system,
∂ fi
∂t
+ v · ∇ fi + qi
mi
(
E + v × B
c
)
· ∂ fi
∂v
= C
[ fi] , (1)
∇ · B = 0 , ∂B
∂t
= −c∇ × E , j = c4π∇ × B , (2)
2and Ohm’s law describing the force balance for electrons,
E + ui × B
c
=
(∇ × B) × B
4πZeni
. (3)
Here, fs(t, r, v), ns(t, r) =
∫ fs d3v and us(t, r) = ∫ v fs d3v
are, respectively, the distribution function, number density and
mean velocity of species s = (i, e), j = e ne (ui − ue) is the
total current density given the quasineutrality condition ne =
Zni. In the following, we use the ion peculiar velocity v′ = v−
ui as the velocity-space variable and will henceforth drop the
primes. Taking the first moment of Eq. (1) and using Eqs. (2)-
(3), we obtain the ion momentum equation
d ui
dt = −
∇ · Pi
mini
+
(∇ × B) × B
4πmini
, (4)
where d/dt = ∂/∂t + ui · ∇ and Pi = mi
∫
vv fi d3v is the ion
pressure tensor. Introducing ˆb ≡ B/B, using Eqs. (2)-(3), we
obtain the evolution equation for the field strength:
d ln B
dt =
ˆb ˆb : ∇ui − ∇ · ui −
ˆb
B
· ∇ ×
( j × B
Zeni
)
. (5)
Our derivation is based on an asymptotic expansion of these
equations. The separation between the slow magnetic-field-
stretching timescale and the fast instability timescale implies
that the distance to instability threshold Γ ∼ ∆i − 1/βi must
remain small, which provides us with a natural expansion
parameter. In order to study the dynamics in this regime,
we start from an already weakly unstable situation and order
Γ = O(ε2), with ε ≪ 1. We then construct a “maximal” or-
dering (summarized in Eqs. (8)-(12)) retaining ion FLR, col-
lisional, quasilinear and trapping effects, as well as the ef-
fect of continued slow shearing. Following [39], we order
the time and spatial scales of mirror modes as γ ∼ ε2k‖vthi,
k⊥ ∼ ε−1k‖, ρ−1i ∼ ε−2k‖, where γ is the instability growth
rate, (k⊥, k‖) the typical perturbation wavenumbers (defined
with respect to the unperturbed field), ρi = vthi⊥/Ωi, and
Ω−1i = (mic)/qiB ∼ ε−2k‖vthi. The ion distribution function
is expanded as fi = f0i + f2i + δ f , where f0i provides the
required pressure anisotropy to pin the system at the thresh-
old, f2i provides an extra O(ε2) anisotropy to drive the system
away from it, and δ f contains mirror perturbations. We also
expand B = B0 + δB and ui = u0i + δui, where B0 and u0i
have no instability-scale variations, u0i is the slow, large-scale
shearing/compressive motion, and δB and δui are the mirror
perturbations.
The ordering of δ f , δB, δui and of the remaining timescales
is guided by physical considerations. The critical pitch-angle
ξ = v‖/v below which particles get trapped by magnetic fluc-
tuations is ξtr = (δB/B0)1/2 and the corresponding bounce fre-
quency is ωB ∼ k‖vthi ξtr. To retain their contribution in our
calculation, we order ωB ∼ γ ∼ ε2k‖vthi, which provides us
with the ordering δB/B0 = O(ε4) (plus higher-order terms).
For consistency of the ε expansion, we must order δ f = O(ε4),
δui = O(ε5) and higher. Averaging Eq. (5) over instability
scales and ignoring quadratic nonlinearities, we obtain
d ln B0
dt =
ˆb0 ˆb0 : ∇u0i − ∇ · u0i ≡ S . (6)
Subtracting Eq. (6) from Eq. (5), we find that
d
dt
δB
B0
= ˆb0 ˆb0 : ∇δui (7)
to all relevant orders [55]. We order S ≡ d/dt (ln B0) the same
size as d/dt (δB/B0) ∼ ε6k‖vthi so as to be able to investigate
how a slow change in field strength affects the dynamics. The
aforementioned timescale separation S/Ωi is now related to ε
through ε ∼ (S/Ωi)1/8 (ε ∼ 0.01 for the ICM [34]).
A separate asymptotic treatment is required for low-pitch-
angle resonant particles, which develop a velocity-space
boundary layer and evolve into a separate population of
trapped particles on the instability timescale (the process is
reminiscent of “nonlinear Landau damping” [47, 49, 50]). As
can be seen by considering a simple Lorentz pitch-angle scat-
tering operator [51], C [ fi] = (νii/2) ∂ξ [(1 − ξ2) ∂ξ fi], this
results in a boost of their effective collisionality, νii,eff ∼
νii/ξtr
2 ≫ νii for ξ < ξtr ≪ 1. To retain this effect, we order
νii,eff ∼ γ ∼ ωB, or νii ∼ k‖vthi (δB/B0)3/2 ∼ ε6k‖vthi (this pre-
serves the low-collisionality assumption in the sense that the
rest of the distribution relaxes on a timescale 1/νii ≫ 1/γ).
The maximal mirror ordering is summarized as follows:
fi = f0i + f2i + δ f4i + · · · , (8)
γ ∼ ε2k‖vthi , Ωi ∼ ε−2k‖vthi , S ∼ νii ∼ ε6k‖vthi , (9)
ρ−1i ∼ ε−2k‖ , k⊥ ∼ ε−1k‖ , (10)
B = B0 + δB‖4 ˆb0 + δB
⊥
5 + · · · , ui = u0i + δu⊥5i + · · · , (11)
ξtr ∼
(
δB‖4/B0
)1/2 ∼ ε2, ωB ∼ νii,eff ∼ γ ∼ ε2k‖vthi . (12)
Taking the three lowest non-trivial orders of Eq. (1), we
first find that f0i, f2i, δ f4i are gyrotropic. Expanding and gy-
roaveraging Eq. (1) up to O(ε4) then gives δ f4i in terms of the
mirror perturbation δB‖4/B0, from which the perturbed scalar
pressures δp⊥4i and δp
‖
4i are derived (note that resonant/trapped
particles are not involved at this stage). Taking the perpendic-
ular projection of Eq. (4) at the lowest order O(ε3), we obtain
the threshold condition for the mirror instability [39]:
Γ0 = −2 mip⊥0i
∫
v4⊥
4
∂ f0i
∂v2‖
∣∣∣∣∣∣∣
v⊥
d3v − 2
β⊥0i
− 2 = 0 . (13)
Next, we expand and gyroaverage Eq. (1) to three further or-
ders, up to O(ε7). This tedious calculation yields FLR correc-
tions and resonant effects (not shown, see [42] for an almost
identical procedure) and provides us with explicit expressions
for δ f5i and δ f6i, from which we obtain higher-order elements
of Pi, δp⊥‖5i ≡ mi
∫
v⊥v‖ δ f5i d3v and δP⊥⊥6i , in terms of δB‖4 and
δB‖6. No new information arises from Eq. (4) at O(ε4). Using
these results and Eq. (13) in the perpendicular projection of
3Eq. (4) at O(ε5), we derive the pressure balance condition:
Γ2 + 32 ρ2∗∇2⊥ −
 p
⊥
0i − p‖0i
p⊥0i
+
2
β⊥0i
 ∇
2
‖
∇2⊥
∇⊥ δ
˜B‖4
B0
= ∇⊥
δ p˜⊥6i
(res)
p⊥0i
,
(14)
where the resonant/trapped particle pressure is
δ p˜⊥6i
(res) = mi
∫
|ξ|<ξtr
v2⊥
2
δ ˜f (res)4i d3v , (15)
δ f (res)4i is the resonant part of the perturbed distribution func-
tion, the second-order distance to instability threshold is
Γ2 = − 2 mip⊥0i

∫
v4⊥
4
∂ f2i
∂v2‖
∣∣∣∣∣∣∣
v⊥
d3v +
∫
|ξ|<ξtr
v4⊥
4
∂δ f (res)4i
∂v2‖
∣∣∣∣∣∣∣∣
v⊥
d3v
−
2 p⊥2i
p⊥0i
,
(16)
and the effective Larmor radius is
ρ2∗ =
ρ2i
12
mi
p⊥0i v
2
thi⊥
∫ −v6⊥ ∂ f0i∂v2‖
∣∣∣∣∣∣∣
v⊥
− 3 v4⊥ f0i
 d3v . (17)
Tildes denote fluctuating (zero field-line average) parts of
the perturbed fields and overlines denote line averages. The
l.h.s. of Eq. (14) describes the non-resonant response [56]. Γ2
and δ p˜⊥6i
(res) depend on the regime considered. However, both
only involve δ f (res)4i because restricting the integration to ξtr
brings in an extra O(ε2) smallness, whereas FLR corrections
only start to affect the distribution function at O(ε6) within our
expansion. Thus, δ ˜f (res)4i and δ p˜⊥6i(res) can be directly calculated
from the much simpler drift-kinetic equation which, in (µ, v‖)
variables, reads [52]:
d fi
dt + v‖ ∇‖ f i = −µB
(
∇ · ˆb
) ∂ fi
∂v‖
+C[ fi] (18)
to all orders relevant to our calculation (here E‖ = 0 because
the electrons are cold). For resonant particles, v‖ ∼ ε2vthi and
∂δ f (res)4i /∂v‖ ∼ (ε−2/vthi) δ f (res)4i , so the expansion of Eq. (18) at
the first non-trivial order O(ε6) is
dδ f (res)4i
dt + v‖ ∇‖ δ f
(res)
4i = µB0
∇‖ δB
‖
4
B0

∂ f0i∂v‖ +
∂δ f (res)4i
∂v‖

+C[δ f (res)4i ] . (19)
We have omitted the collision term C[ f0i]: it gives a O(ε4)
correction to the line-averaged pressure on the instability
timescale that can be absorbed into Γ0.
Linear and quasilinear regimes. Neglecting the nonlin-
ear and collision terms in Eq. (19) and taking its space-time
Fourier transform, we obtain the linear solution:
δ ˆf (res)4ik =
µ ik‖ δ ˆB‖4k
γL + i k‖v‖
∂ f0i
∂v‖
, (20)
where γL is the linear instability growth rate. Using Eq. (15) to
compute δ p˜⊥6i
(res) and substituting the result into Eq. (14), the
classical linear mirror dispersion relation [39] is recovered:
γL=
√
2
π
|k‖|v∗
Γ2 − 32 ρ2∗k2⊥ −
 p
⊥
0i − p‖0i
p⊥0i
+
2
β⊥0i
 k
2
‖
k2⊥
 , (21)
with the effective thermal speed
v−1∗ = −
√
2π 2mi
p⊥0i
∫
v4⊥
4
∂ f0i
∂v2‖
∣∣∣∣∣∣∣
v⊥
δ(v‖) d3v . (22)
Because of the resonance, δ ˜f (res)4i develops a velocity-space
boundary layer on the timescale ∼ 1/γL, resulting in a cor-
rection to the line-averaged distribution function that satisfies:
dδ f (res)4i
dt = −µB0
∇‖ δ
˜B‖4
B0
 ∂δ f
(res)
4i
∂v‖
+ C[δ f (res)4i ] . (23)
Assuming a monochromatic perturbation for simplicity and
using Eq. (20) to calculate the line-averaged nonlinear term
on the r.h.s. of Eq. (23), we recover the resonant quasilinear
diffusion equation [32]:
∂δ f (res)4i
∂t
=
∂
∂v‖

2 (µB0)2 k2‖γL
γ2L +
(k‖v‖)2
δ
˜B‖4
B0

2
∂ f0i
∂v‖
 +C[δ f (res)4i ] . (24)
The effect of the first term on the r.h.s. of Eq. (24) is to relax
Γ2 (see Eq. (16)) by flattening the total averaged distribution
function at low ξ, thereby decreasing the growth rate [43, 44].
Trapping regime. Quasilinear relaxation ceases to be the
dominant saturation mechanism once particle trapping be-
comes dynamically significant (ωB ∼ k‖vthi (δB/B)1/2 ∼ γL).
Indeed, due to the growth of δB/B and quasilinear reduction of
the growth rate ∂/∂t ≪ γL for t ≫ 1/γL, (i) the system eventu-
ally reaches a bounce-dominated regime, ωB ≫ ∂/∂t, and (ii)
collisional and shearing effects, however slow their timescales
are, compared to the initial linear instability timescale, in-
evitably become important after a few instability times (hence
the maximal ordering Eqs. (8)-(12)). To elicit these effects,
we rewrite Eq. (18) in (µ, E = v2/2) variables:
d fi
dt ±
√
2(E−µB) ∂ fi
∂ℓ
= −µdBdt
∂ fi
∂E
+C[ fi] , (25)
where ℓ is the distance along the perturbed field line. Expand-
ing Eq. (5) and Eq. (25) at O(ε6), we obtain
dδ f (res)4i
dt ±
√
2(E−µB) ∂δ f
(res)
4i
∂ℓ
= −µB0 ddt
δB‖4
B0
∂ f0i
∂E
(26)
−µB0
d ln B0dt +
d
dt
δB‖4
B0
 ∂δ f
(res)
4i
∂E
+C[δ f4i] .
Here C[ f0i] and −µB0 (dln B0/dt) (∂ f0i/∂E) have been dis-
carded for the same reason as in Eq. (19). Note that both
∂δ f (res)4i /∂E and ∂δ f (res)4i /∂µ are O(1) because of the velocity-
space boundary layer in |ξ| < ξtr = O(ε2).
4We anticipate that magnetic fluctuations will grow secu-
larly as δB‖4 ∼ δB‖4(tL)(t/tL)s, with s > 0, for t ≫ tL ∼
1/γL (∼ 1/ωB), and introduce a secondary ordering parame-
ter χ = (tL/t)s/2 ≪ 1, so now δB‖4/B0 = O(ε4/χ2) and ξtr ∼(
δB‖4/B0
)1/2
= O(ε2/χ) ≫ ε2. The instantaneous nonlinear
growth rate is γNL ∼ ∂/∂t ∼ 1/t = O(ε2χ2/s), so the new order-
ing guarantees ωB ∼ k‖vthi ξtr ≫ γNL. For trapped particles to
play a role in the nonlinear evolution, their pressure in Eq. (14)
must be taken to be of the same order as the instability-driving
term, Γ2 (δB‖4/B0) ∼ δp⊥6i(res)/p⊥0i = O(ε2/χ2). Given that
δp⊥6i
(res) ∼ ξtrδ f (res)4i , we must therefore order δ f (res)4i = O(ε4/χ).
Expanding Eq. (26) to lowest order O(ε6/χ2), we find that the
distribution function of the trapped particles is homogenized
along the field lines within the traps: ∂δ f (res)4i /∂ℓ = 0. There-
fore, δ f (res)4i =
〈
δ f (res)4i
〉
+ δ f (res)4i
′
, where δ f (res)4i
′ ≪
〈
δ f (res)4i
〉
and 〈•〉 =
∮
• dℓ denotes a bounce average between bounce
points ℓ1 and ℓ2 defined by the relation E = µB(ℓ1) = µB(ℓ2).
Looking at the next orders of Eq. (26), we find that the first
term on the r.h.s. (the betatron term linear in perturbations)
is O(ε6χ2/s−2), while the time derivative on the l.h.s. and the
r.h.s. term quadratic in perturbations are O(ε6χ2/s−1), so quasi-
linear effects are subdominant. The terms involving dln B0/dt
and collisions are O(ε6χ). For Eq. (26) to have a solution at
O(ε6χ), we see that s = 2/3 is required, so δB‖4/B0 ∝ t2/3. The
resulting equation for δ f (res)4i
′ is
± ∂δ f
(res)
4i
′
∂ℓ
= − µB0√
2(E−µB)
 ddt
δB‖4
B0
∂ f0i
∂E
+
d ln B0
dt
∂
〈
δ f (res)4i
〉
∂E

+C[
〈
δ f (res)4i
〉
] . (27)
Using a Lorentz operator and bounce averaging, we obtain
〈
µB0√
2(E−µB)
d
dt
δB‖4
B0
〉
∂ f0i
∂E
= (28)
−d ln B0dt
〈
µB0√
2(E−µB)
〉
∂
〈
δ f (res)4i
〉
∂E
+
νii
B0
∂
∂µ
µ
〈√
2(E−µB)
〉 ∂ 〈δ f (res)4i
〉
∂µ
 .
Physical behavior and temporal evolution. This equation
has taken some effort to derive but is fairly transparent phys-
ically. It represents a competition between perpendicular be-
tatron cooling of the equilibrium distribution due to the local
decrease of the magnetic field in the deepening mirror traps
(the l.h.s. of Eq. (28)), the perpendicular betatron heating of
the trapped-particle population associated with the increasing
mean field B0 (the first term on the r.h.s.), and their collisional
isotropization (the second term on the r.h.s.). In the weakly
collisional, unsheared regime (νii , 0, dln B0/dt ≡ S = 0),
the balance is between betatron cooling and collisions. In the
collisionless, shearing regime (νii = 0, S > 0), it is instead
between betatron cooling (of the bulk distribution in mirror
perturbations) and heating (of the perturbed distribution in the
growing mean field). In order for the system to stay marginal
in the face of continued driving and/or collisional relaxation,
magnetic perturbations have to continue growing. A simple
physical interpretation of the collisionless case is that trapped
particles regulate the evolution so as to “see” effectively a con-
stant total magnetic field.
Solutions of Eqs. (14)-(15)-(28) can be found in the form
δB‖4/B0 = A(t)B(ℓ). Using Eq. (28), this implies
〈
δ f (res)4i
〉
=
αA (dA/dt) H[(E − µB0)/A(t)] ∂ f0i/∂E, where α = 1/S
if νii = 0 and 1/νii if S = 0 (H also depends on the
functional form of B(ℓ)). Then, from Eq. (15), δp⊥6i(res) =
αA3/2 (dA/dt) F (ℓ). Equation (14) will have solutions if
αA1/2 (dA/dt) = ΛΓ2, with Λ a constant of order unity. As
anticipated in our discussion of the secondary ordering (in χ),
this implies that perturbations grow secularly as
A(t) = (ΛΓ2S t)2/3 and A(t) = (ΛΓ2νiit)2/3 (29)
in the shearing-collisionless regime and unsheared-collisional
regime, respectively. This result is formally valid for times
S t, νii t = O(ε4) [57]. The t2/3 time dependence also holds
in mixed regimes (νii , 0, S , 0). Λ and B(ℓ) (which is
not sinusoidal) are obtained by solving a nonlinear eigenvalue
equation involving trapping integrals. A detailed classification
of the solutions of this equation lies beyond the scope of this
Letter.
Conclusion. Equation (28) and the secular growth of the
nonlinear mirror instability, δB/B ∝ t2/3, in both collisional
and collisionless regimes, are the main results of this work.
Thus, we appear to be approaching a theory in which trap-
ping effects, higher amplitude nonlinearities [42, 47, 48, 53]
and relaxation of anisotropy through anomalous particle scat-
tering [40] blend together harmoniously. The results make
manifest the importance of particle trapping [45, 46]. Numer-
ical simulations [40] confirm t2/3 secular growth of mirror per-
turbations in a collisionless, shearing plasma, with saturation
amplitudes δB/B = O(1) independent of S (cf. [41]).
The weakly collisional, weakly shearing regimes studied in
this Letter occur in many natural environments [8, 21, 34] and
are increasingly the focus of attention in the context of high-
energy astrophysical plasmas [33, 34, 40, 41]. The emergence
of finite-amplitude magnetic mirrors with scales smaller than
the mean free path lends credence to the idea that microscale
instabilities regulate processes such as heat conduction [26],
viscosity, heating [27–29] and dynamo [30, 31] in such plas-
mas, and therefore profoundly alter their large-scale energet-
ics and dynamics.
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